The perturbative series used to extract α s (M τ ) from the τ hadronic width exhibits slow convergence. Asymptotic Padé-approximant and Padé summation techniques provide an estimate of these unknown higher-order effects, leading to values for α s (M τ ) that are about 10% smaller than current estimates. Such a reduction improves the agreement of α s (M τ ) with the QCD evolution of the strong coupling constant from α s (M z ).
The Particle Data Group (PDG) quotes the following values for the strong coupling constant as determined from Z 0 and τ decays [1] . α s (M τ ) = 0.35 ± 0.03 (1) α s (M Z ) = 0.119 ± 0.002 (2) Since these determinations of α s occur at such widely separated energies, the compatibility of these values of α s with the QCD evolution of the coupling constant is an important test of both QCD and the phenomenological results used to extract the coupling constant from the experimental data. In particular, α s (M τ ) is sufficiently large that presently unknown terms from higher order perturbation theory could substantially alter the value of α s (M τ ) extracted from the experimental data. Padé approximant methods provide estimates of the aggregate effect of (presently unknown) terms from higher-order perturbation theory [2, 3, 4, 5] . As shown below, the use of Padé summation to estimate such terms leads to a decrease in the value of α s (M τ ) extracted from τ decays, improving the compatibility of α s (M τ ) and α s (M Z ) with the QCD evolution of the coupling constant. The QCD evolution of the coupling constant is governed by the β function which is now known to 4-loop order [6] . Using the conventions of [7] , a ≡ αs π satisfies the differential equation 
Using the value α s (M z ) as an initial condition, the coupling constant can be evolved to the desired energy using the differential equation (3) . The only subtlety in this approach is the location of flavour thresholds where the number of effective flavour degrees of freedom n f change. In general, matching conditions must be imposed at these thresholds to relate QCD with n f quarks to an effective theory with n f − 1 light quarks and a decoupled heavy quark [8] . Using the matching threshold µ th defined by m q (µ th ) = µ th , where m q is the running quark mass, the matching condition to three-loop order is [9] 
leading to a discontinuity of α s across the threshold. Thus to determine the coupling constant at energies between the c quark threshold and the b quark threshold, the β function with n f = 5 is used to run α
as an initial condition. The matching condition (6) is then imposed to find the value of α (4) s (m b ) which is then used as an initial condition to evolve α s to lower energies via the n f = 4 beta function.
If α s (M Z ) is used as the input value to determine the QCD prediction of α s (M τ ), then one might legitimately be concerned about the effect of (unknown) higher-order terms in the β function at lower energies where α s is larger. Padé approximations have proven their utility in determining higher-order terms in the β function. For example, using as input the four-loop β function in N -component massive φ 4 scalar field theory [10] , asymptotic Padé methods described in Section II of [4] are able to predict the five-loop term to better than 10% of the known five-loop contributions for N ≤ 4 [3, 11, 12] . When these same methods are applied to QCD, the following predictions for the unknown five-loop contribution to the β function are obtained [11] .
n f = 5 :
From these predictions, β functions containing [2|2] Padé approximants can be constructed to estimate the sum of all higher-order contributions. These Padé-summations, whose Maclaurin expansions reproduce β 1 , β 2 , β 3 and and the asymptotic Padé-approximant estimates (7, 8) of β 4 , are given by:
Thus the QCD prediction of α s (M τ ) depends on only two parameters: the initial condition α s (M z ) and the position of the five-flavour threshold defined by m b (m b ) = m b . As will be discussed below, the uncertainty in the Particle Data Group value [1] for this threshold
has a negligible effect on the QCD prediction of α s (M τ ) compared with the uncertainty in α s (M z ) (2). The compatibility of the experimentally/phenomenologically determined values α s (M Z ) and α s (M τ ) with the QCD evolution of the coupling constant can now be studied. Figure 1 shows the effect on α s (Q) of progressive increases in the number of perturbative terms in the β function, culminating with the Padé summation (9,10) for β. It is evident that the curves for α s (Q) appear to converge from below to that generated by the Padé summation of the β function, since the gaps between curves of successive order decrease. Using the input values (2, 11) for the QCD evolution of α s down from the Z 0 to τ mass, we obtain the following range of values for α s (M τ ) for successive orders of perturbation theory [11] :
Pade summation 0.3119
The dominant contribution to the uncertainty (12-15) originates from α s (M Z )-the effect of the uncertainty in the five-flavour threshold (11) is inconsequential. It is also evident that Padé-improvement via (9) and (10) does not alter significantly the range of α s (M τ ) devolving from the empirical range for α s (M Z ), as given in (2). Moreover, the ranges (14) and (15) overlap the lower end of the current PDG range (1) for the extraction of α s (M τ ) from R τ . We note, however, that only minimal overlap occurs between (14, 15) and the previous (1996) PDG range α s (M τ ) = 0.370 ± 0.033 obtained from R τ [13] . This marginal compatibility with the RG-devolution estimates of α s (M τ ) provided the original motivation for us to examine the effect of (estimated) higher-order perturbative corrections on the extraction of α s (M τ ) from R τ . This extraction occurs by comparing the measured value of R τ with the calculated value of δ (0) , the purely perturbative QCD corrections to the tree diagram for the calculation of R τ :
The above expression, as quoted from the current PDG [13] , is based on the seminal analysis of Braaten, Narison, and Pich [14] , as well as more recent work by Neubert [15] . In particular, the numerical factor in parentheses represents non-perturbative contributions that are dominated by dimension-6 terms. In the MS scheme, the purely perturbative QCD contributions to R τ are
where
Using the empirically motivated test value α s (M τ ) = 0.3500, corresponding to the central value of the PDG range (1), we find that the contributions of successive terms in (17) to δ (0) are respectively
illustrating the slow convergence of perturbative field theory at the mass scale µ = M τ . The ratio of successive terms within δ (0) appears to be nearly 0.6, indicative of significant further contributions from corrections to (17) beyond three-loop-order. Asymptotic Padé-approximant methods [3, 4] can be utilized to estimate the aggregate effect of higher order terms in the series (17) . Given a field-theoretical perturbative series of the form
in which the coefficients R k are characterized by asymptotic behaviour R k ∼ k!C k k γ [16] , the coefficient R 4 , which we assume to be unknown, can be estimated from the known terms R 1 , R 2 , and
Padé-approximant for the series (19) then yields coefficients R P ade k that differ from those of the series itself via the asymptotic error formula [3, 4] 
where {A, c, b} are constants to be determined. For example, a [2|1] Padé approximant to (19) would lead to the prediction
It has been shown elsewhere [11] that the error formula (20) can be utilized in conjunction with [0|1] and [1|1] approximants to determine A and (c + b), thereby leading to the following "asymptotic Padé-approximant" (APAP) estimate for R 4 : 
an estimate very close to that obtained by Kataev and Starshenko using other methods [17] . The APAPestimate of the α 4 term, obtained via (22), is also positive and somewhat (20%) larger:
It is significant to note that this prediction is very close to the maximum estimated size of the fourth order effect used to determine the theoretical uncertainty in [14] , indicating an underestimate of the higher order effects in the extraction of α s (M τ ) from R τ . However, even if δ 
The (estimated) fourth term is 18% of the leading perturbative contribution. Such slow convergence indicates that further higher order terms should contribute significantly to δ (0) . A Padé-summation, in this case the [2|2] approximant whose first five Maclaurin expansion terms replicate the series (24), provides an estimate of the total effect of higher order terms in a perturbation series [2] . This Padé summation is given by
(26) Figure 2 compares the dependence of δ (0) on α s (M τ ) obtained from (17, 23, 24, 26) . These curves correspond respectively to In Table 1 , we display the values for α s (M τ ) one obtains for a given value of δ (0) by inverting equations (17), (23), (24) or (26). The present empirical range R τ = 3.642 ± 0.024 [1] , can be used in conjunction with (16) to extract the following range for the purely-perturbative correction δ (0) :
Using Table 1 , we find that this empirical range for δ (0) determines a corresponding range for α s (M τ ) for each case listed above: 1
It is evident from the above results that progressively sophisticated Padé-estimates of higher-order corrections to δ (0) lead to progressively lower values for α s (M τ ). 2 In particular, the ranges (29) and (30) are fully enclosed within the ranges (14) and (15) from RG-devolution from α s (M Z ). The range (31), which we regard as the most accurate reflection of cumulative higher order corrections, is almost entirely enclosed by the lower portion of these RG-ranges. By contrast, only the lower half of the PDG "truncation range" (1) for α s (M τ ) is in agreement with the RG-ranges (14) and (15), although the range quoted in (28) does somewhat better than this. We therefore conclude that higher-order corrections to δ (0) appear to lower the value of α s (M τ ) extracted from R τ by approximately 10%, but that this lowering seems to improve the overall compatibility of α s (M τ ) with the QCD evolution of α s from the present empirical range for α s (M Z ). Alternatively, one can conclude that the theoretical uncertainty in α s (M τ ) associated with truncation of contributions to δ (0) past three-loop order is not likely to be bi-directional, as indicated in [1] , but is rather an O(10%) effect in the downward direction. 1 The central value for "truncation" increases to αs (Mτ ) = 0.347, consistent with the central value in [1] , provided we utilize directly the expressions given in [14] for the non-perturbative contributions, which are weakly αs dependent.
2 A range similar to (29) will also follow from the estimate of the α 4 s correction to δ (0) given in [17] . 
